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Abstract

The integral transport equation clearly indicates that, in a void region, the angular flux is
constant along a characteristic. Yet simple physical arguments can be used to demonstrate
that angular flux solutions having a delta-function angular dependence can appear to be non-
constant along a characteristic. Furthermore, a naive application of the integral transport
equation to problems of this type can result in erroneous results. Using some simple exam-
ples, we resolve this apparent contradiction, and give some rules for properly applying the

integral transport equation to problems with angular delta-function solutions.



1 Introduction

A fundamental principle of transport theory states that the angular flux in a void is constant
along a characteristic. This principle is easily demonstrated via the integral transport equation.2
Nonetheless, simple physical arguments can be used to show that there are singular angular flux
solutions in voids that appear to vary along a characteristic. Furthermore, a naive application of
the integral transport equation to problems with such solutions can yield erroneous results. The
purposes of this paper are to give insight into the nature of angular solutions with delta-function
angular dependencies, and to show that correct solutions are obtained from the integral transport
equation if one simple rule is followed.

The remainder of this note is organized as follows. First we derive the singular solution to
a simple problem using nothing more than fundamental transport concepts. Next we confirm
this solution using the integrodifferential form of the transport equation. We then demonstrate
a naive use of the integral transport equation that yields an incorrect solution for the example
problem, followed by an approach that yields the correct solution regardless of the equation
being solved. In the later case, we make use of solutions for 1-D purely absorbing spheres
and cylinders originally given by Lathrop.1 Finally, we consider a second example problem and
obtain a singular solution using the correct approach together with the integral transport equation.

The simplicity of the problem makes it possible to gain considerable insight into the nature of the

corresponding angular flux solution.



For completeness, Lathrop’s solutions for purely absorbing spheres and cylinders with arbi-
trary non-singular incident fluxes are derived in the Appendix. Solutions are also derived for

singular incident fluxes.

2 An Example Problem

The 1-D spherical-geometry transport equation is2:

1—u2i
r o

ot + Vo =0+, (12
T

where 1 = cos(#) is the direction variable, r is the radial coordinate, 1) is the angular flux, o,
is the total macroscopic cross section, o, Is the macroscopic scattering cross section, ¢ is the

inhomogeneous source, and ¢ is the scalar flux:

o=5 [ vdn. (1b)

The problem we first consider consists of a voided sphere of radius, a, with an incident flux on

its outer boundary defined as follows:

Y(a,p) =20(p+1) forpu<O. (2)

Note that the incident flux is normal to the spherical surface and corresponds to a unit incident

current.



3 TheAnalytic Solution via Basic Concepts

Using basic transport concepts, we find that the total number of particles entering the system is

0
—47a? E /1 b (a, ) d,u} = 47a?. (3)

All of the particles that enter the sphere pass through the origin and then exit the sphere with the
direction y = +1. Taking the radial symmetry of the problem into account, it follows that the

solution on the surface of the sphere is

Pla,p) =2[0(p+1)+d(p—1)] . (4)

Consider an inner sphere of arbitrary radius 0 < r < a. The particles that enter and exit the outer
sphere similarly enter and exit the inner sphere without change of direction. Thus the angular
flux solution for the inner sphere must have the same delta-function dependence as the solution
for the outer surface of the sphere. A particularly convenient way to express this solution is as

follows:
Y(r,p) = ¢(r) [6(p+1) +0(p—1)], (5)

where ¢(r) is the scalar flux. To obtain an explicit expression for ¢(r), we use the fact that the
number of particles entering the inner sphere must be equal to the the number entering the outer

sphere:

—4mr?e(r) B /_1 pwo(p+1) du] = —4mr? ¢(r)/2 = —4ma® . (6)
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Solving Eq. (6) for ¢(r), we obtain

o(r) =2(a*/r?). (7)

Substituting from Eqg. (7) into Eq. (5), we obtain the desired angular flux solution

Y(r,p) =2(a®/r?) [0(p+1) +0(u— 1), (8)

4 Application of the Integral Transport Equation

The integral transport equation2 takes on a particularly simple form in a sourceless void region.
Specifically,

—

W7, Q) =u(r =50, ), (©)
where s, is the distance upstream along the characteristic from the point  to the outer boundary
of the void region. Equation (9) simply states that the angular flux solution along the character-
istic is constant and equal to the incident angular flux along that characteristic. If we assume that

—

that z/)(? - sbﬁo, Q)= 5(6 - 60), and substitute this expression into Eq. (9), we get
, Q0) =6(Q2 — Qo). (10)

In 1-D spherical geometry, particles in the directions . = =1 do not change direction as they

stream, therefore Eq. (9) restated for = —1 is

1/)(73 _1) = 1/)(0’7 _1) . (11)
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Substituting from Eqg. (2) into Eq. (11), we get
p(r,p) =26(p+1) for pabout —1, (12)

Whereas Eq. (11) is correct if ¢(a, 1) is non-singular about p» = —1, Eq. (12) is clearly wrong.

Thus one cannot simply insert a delta-function incident flux into the integral transport equation.

5 Solution viathe Integrodifferential Equation

In this section we show that the correct solution for our example problem is obtained by directly
inserting the delta-function incident flux into the 1-D integrodifferential form of the spherical-

geometry transport equation. In particular, in a void, Eq. (1a) reduces to

0 1— p?
ME@WF

0

Substituting From Eq. (5) into Eq. (13), we get

L “2% (60 B+ 1)+ 8- D]} =0, (14)

B {6(r) 5+ 1) + 6 — 1]} +

To deal with the delta-function derivatives associated with the angular derivative term in Eq. (14),
we note that the derivative of a delta-function extracts the negative of the derivative of a function

under integration, i.e., that

96 (x) B
/ P f(z)dx =

€

@) - [ swF—-2

(15)

)
=0



Integrating Eq. (14) over the negative directions, we obtain

0 2
= 6(r) = Z6(r) = 0. (16)

Integrating Eq. (14) over the positive directions and then multiplying the resulting equation by
—1 also yields Eq. (16).
The general solution to Eq. (16) is

o=, A7)

where C'is a constant. By requiring that ¢(a) = 2.0, we get C' = 2a?, which is consistent with
Egs. (7) and (8).
It is interesting to note that if % is bounded at ;» = —1, taking the limitof Eq. (13)as u — —1
yields
0

—aw(r, ~1)=0. (18a)

Proceeding analogously for . = +1, we get

%w(r, +1)=0. (18b)

Note that this result is consistent with the principle that the angular flux in a void is constant
along the characteristic. Note also that the angular flux is not singular in this case, which is the

key point.



6 Lathrop’sSolution

Lathrop has given an analytic solution for a purely absorbing sphere of radius, a, with an arbitrary
incident flux on the boundary, wb(u)-l In this section, we use this more general solution to obtain
the solution to our example problem. For instance, taking the limit of Lathrop’s solution as the

absorption cross-section goes to zero, we obtain his corresponding void solution:

U(r, 1) = Yo ()| epr (192)

where

p=—\1-(r2/a®)(1 - p2). (19b)

As shown in the Appendix, this expression is determined by the geometry of the straight-line

characteristics in the sphere. It states that the boundary flux contributions to the angular flux at
(r, 1) come from the direction " on the boundary.

We next assume that (1) = 26(p + 1), and substutute this expression into Eq. (19a) to

obtain:

blr ) =28 [1 = 1= (/@)1 = 17) (20)
Because it has a complicated argument, is convenient to re-express the delta-function in Eqg. (20).

In particular, consider a delta-function of the form, J[f(x)], where f(x) is an arbitrary but com-

plicated function. A simplification can be effected by first transforming the integration variable



fromztoy = f(x):

B dy -1 B dy -1
/ﬂf(x)]h(x) dw—/5(y)h(y) | W= [h(y) o . (21)
y:
Assuming that f(x) has a single root, z,, it is clear that
dy -1 B dy -1
/6($ — z,)h(x) Is dx = h(x,) . . (22)
Comparing Egs. (21) and (22), we find that
s =| L[ 6w -2 29
T) = dffrxr T —x,).
If f(z) has multiple roots, e.g., {1, z,2, . . .}, then Eq. (23) becomes
df |~
O[f (@) = Z ar|,, o) (24)

The argument of the delta-function in Eq. (20) is zero for . = +1. Using Eq. (24), we find that

6 (1= VT=(2/@) (1= 1) | = (@/r®) (3 + 1) + 8(n — 1)] . (25)

Substituting from Eqg. (25) into Eq. (20), we obtain Eq. (8).

Lathrop actually used integral transport theory to obtain his general solution. This suggests
that the integral transport equation does yield the correct solution with delta-function incident
fluxes if you first obtain a solution for an arbitrary non-singular incident flux, and then assume a
delta-function angular dependence for the incident flux. The key is that you must use the integral
transport equation to obtain a solution before making the delta-function assumption, rather than
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first making the delta-function assumption and then using the integral transport equation to obtain
a solution.

The full derivations of Lathrop’s solutions for both 1-D purely-absorbing spheres and 1-D
purely-absorbing cylinders are given in the Appendix. These general solutions are also used to

obtain solutions for delta-function incident fluxes.

7 A Second Example Problem

In this section we consider a second example problem that is very similar to our first example
problem, but is sufficiently simple to yield considerable insight into why one cannot simply
insert delta-function sources into the integral transport equation and expect to get correct results.
To make the problem simple, we consider transport in 2-D X — Y geometry with the particle
directions limited to the unit disk, i.e., lying in the X — Y plane. We seek the scalar flux solution
at an arbitrary point within a voided disk of radius a, having a constant normally-incident flux
at each point on the outer surface of the disk. The incident flux distribution is illustrated in
Fig. 1. The spatial coordinates used for this problem are the standard cylindrical coordinates,
(p,0), as illustrated in Fig. 2. There is a single directional coordinate used for this problem,
w, which is also illustrated in Fig. 2. Only one directional variable is required since all of the

directions lie in the X — Y plane. Note that w = 7 is always directed toward the origin. Thus
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the directional coordinate system is analogous to that used in 1-D spherical geometry. This is
appropriate since the solution to this problem is radially symmetric (independent of #) using this

directional coordinate system. The scalar flux is defined in this coordinate system as follows:
1
6= 5 [ v (26)
2
and the incident flux, normalized to a unit incident current, is given by:
Y(a,0,w) =2r6(w—m) , forall 6. (27)

One can use the same fundamental principles and arguments used for the first example problem

to show that the solution to this problem is

b(p,w) = 2(a/r) [b(w —7) +6(w)] - (28)

The integral transport equation for this 2-D system is identical to that for 3-D systems. The
directions are simply restricted to the unit disk in the X — Y plane. In analogy with the spherical-
geometry case, particles in the directions w = 7 and w = 0 do not change their direction as they

stream, so Eq. (9) can be re-expressed for the direction w = 7 as follows:
¥(p,0,m) = (a,0,7). (29)
Substituting from Eqg. (27) into Eq. (29), we obtain

Y(p,0,w) =275(w—m) ,forw about r, (30)
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which is incorrect. To understand what has gone wrong, we consider an incident angular flux
distribution that is not a delta-function, but nonetheless can become a delta-function in a certain

limit. In particular, we assume that

V(a,l,w) = AL , forw e [r — &2, 7 + £2], and all 6. (31)
w

The idea is compute the solution for a “small” value of Aw and then take the limit of the solution
as Aw — 0. We next consider the geometry illustrated in Fig. 3. Our purpose is to calculate the

incoming flux at point 2 due to the incident flux at point 1. Note that point 1 is at radius a while

point 2 is at radius p. Following the integral transport equation, we find that

5 (w2) = 11 (wi) - (32)
The law of sines can be used to relate v, to wy, where v; = 7 — wy:

p

. =~ . (33a)
S11 71 S11 Wo
Since sin(m — x) = sin(z), for all z, it follows from Eq. (33a) that
L -2 (33b)
siny; Sy
where v, = m — wy. If Aw is small, then ~; and ~, are small, and Eq. (33b) yields
a
Y2 = ;(71) . (34)
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The contribution to 2" from ¢, will be non-zero only if v, € [—%, +%]. Let 6~ denote the
location on the surface of the disk for point 1 such that v; = —%, and let 6+ denote the location
on the surface of the disk for point 1 such that v; = +%. These values of 0 are illustrated in
Fig. 4. The incoming flux at point 2 arises entirely from the band of incident fluxes defined by
0T < 0 < 6~. The incident flux at each value of # within the band corresponds to a unique
value of 7, that lies within the interval, [— 22, +22]; and the incident flux value of - in that
unique direction generates an angular flux value of A% at point 2 in the direction corresponding
to vy = %(71), or equivalently, w, = 7 — %(71). Since ~, varies across the band from —% to

+%, it follows that w, varies from 7 — %% tom + %% Thus, the incoming angular flux at

point 2 is given by

. 1
Mw) = — forwe[r—282 x4

Aw

s |e

R
=0 , otherwise. (35)
Integrating Eq. (35) over the incoming directions, we obtain the “incoming” scalar flux:
in a
Taking the limitas Aw — 0, Eq. (35) becomes

(W) = gaw —7), (37)

which is in agreement with the correct solution given by Eq. (28).
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Thus we see that, for any small but non-zero value of Aw, the angular flux along any charac-
teristic is indeed constant and equal to the incident angular flux along that characteristic. How-
ever, in the limitas Aw — 0, the solution along the characteristic becomes a delta-function scaled
by the factor %. This scaling is actually associated with the scalar flux rather than the angular flux,
and arises from the fact that a band of incident fluxes having an angular width of Aw generates a
solution at each interior point with an angular width of ¢Aw. Our notation for the delta-function
angular flux solution implies that the angular flux has an » ~! dependence because we scale the
delta-function by =. However, this scaling is only done to obtain the correct scalar flux. Because
the angular flux is singular, it is only the scalar flux that has meaning. This is why we say that
the delta-function angular flux solution “appears” to be non-constant along the characteristic.

This is a facinating result. The solution along a characteristic generated by an incident delta-
function angular flux depends upon both the local geometric properties of the surface on which
the incident fluxes lie. For instance, if the incident angular fluxes were distributed along two
lines, as shown in Fig. 5, rather than on the surface of the disk, as shown in Fig. 1, there would

be no radial scaling and Eqg. (30) would give the correct solution for § = 0.
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8 Summary

We have shown that one can obtain incorrect solutions by directly inserting incident fluxes with
angular delta-function dependencies into the integral transport equation. To avoid this difficulty,
one must first obtain the solution for a non-singular approximation to a delta-function incident
flux, and then take the limit of that solution as the approximation approaches a delta-function.
Alternatively, if one can obtain a solution as a function of a non-singular incident flux with an
arbitrary angular dependence, one can simply substitute a delta-function angular dependence into
the solution.

We note that our results indicate that existing discrete-ordinates codes should not be used
to calculate solutions for a problem with a delta-function angular flux in a “starting” direction.
The ‘starting” fluxes are assumed to have zero angular weight, and consequently, are assumed
to satisfy a rectilinear equation like Eqg. (18a) rather than a curvilinear equation like Eq. (16).
However, it is permissible to use a discrete ordinates code to provide an approximate solution
for an incident delta-function in any non-starting quadrature direction. The best approach for
all problems with incident angular delta-functions is to calculate the uncollided flux analytically,
and use the discrete-ordinates code to calculate only the collided component of the flux solution.
We stress that this approach is appropriate even for the case of an incident angular delta-function

in a starting direction.
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Appendix

The purpose of this Appendix is to describe one-dimensional analytic solutions in both spherical
and cylindrical geometries for homogeneous purely absorbing systems with a non-singular but
otherwise arbitrary incident flux, and to use these solutions to obtain analogous solutions for
delta-function incident fluxes. The incident delta-function fluxes appearing in this Appendix
have a more general nature than those appearing in the text, thus we do not normalize these

incident fluxes to obtain a unit incident current.

One-Dimensional Spheres

In a homogeneous, purely absorbing medium without sources, the angular flux due to an incom-

ing flux on the boundary is a generalization of Eq. (9):

—

,ﬁ) =¢(r — sbﬁ, 6) exp(—ogsp) , (38)

—
r

W

where o, is the absorption cross-section.
. . —
In a one-dimensional sphere, 7 - ) = rcosf = ru, and the angular flux does not depend
upon the azimuthal (about the radius vector) angular variable. The geometry and variables used

17



in our derivation are given in Figs (6) and (7) for the cases corresponding to 1 < 0 and p > 0,
respectively. The direction, 6 traverses the sphere of radius a from the point B through point

P, which is a distance r from the center at O. It can be seen from the geometry of the figure that

sy = rcosf+ Va?—r2sin?f,

= ru+ a2 —r2(1—p?). (39)

In this expression, the square root is the distance from B to @, and the other term adds or subtracts

depending on whether the cosine is positive or negative. Also, it can be seen from the figure that

asin® =rsinf, (40)

from which it follows that

p=—V1-(?/a?)(1—p?), (42)
where i/ = cos#'. The expression above states that at a particular position and direction within
the sphere, the only contribution to the angular flux comes from an incoming flux on the boundary
with a direction cosine equal to x'. So, if the incoming flux on the boundary is given by an
arbitrary distribution, ¢, (u), for —1 < p < 0, then the angular flux in a purely absorbing sphere

is given by

Vi) = exp { o0 [t Va2 = (1= 12)| } nlu) (42)
where p' is given by Eq. (41). This expression satisfies the 1-D spherical-geometry transport
equation and the boundary condition, ¥ (a, i) = ¥y (1), for =1 < p <0,
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Now suppose the incoming flux is in a single direction, that is

Yo(p) = 0 (pp—pr) , for—1<p <0, (43)

then

o) =8 [ = VI = (/@) (1= 7)) (44)

The argument of the above delta-function is zero whenever

p= 1= (@)r2) (L= ) = . (45)

However, uq is real only when r» > a+/1 — p2. This results from the fact that the incoming

boundary flux is not seen at » < a/1 — 3. Following Eq. (24), we find that

5 [~ VTG 0= )] = P o o)+ ) - )

It follows from Egs. (42), (44), and (46), that

001 = L2 e oo+ )] s — o) + ex =g — )] 3+ o)}

(47)
for ay/1 — pu? < r < a, and that ¢(r, u) = 0, otherwise. If ;4 = —1, then the solution is
non-zero throughout the sphere. In particular, for this case,

2

V() = %5 fexp [=ou(o+ 7)) 8= 1) + exp-oula — D)0+ D} . (48)
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At r = a, this flux consists of two rays, one the incoming boundary flux, and the other the
outgoing flux that entered from the other side of the sphere and has been attenuated in traversing

the sphere. At the other limit, z; = 0, and the angular flux is everywhere zero.

Cylinders

In one-dimensional cylinders, the analysis is very similar to that for one-dimensional spheres,
but with important differences. The cylindrical geometry and the associated variables of interest
are shown in Fig. 8. The cylinder is assumed to be infinite along the z-axis. The angular flux is
characterized by two angular variables. We use an angular coordinate system, (7, w), which is
illustrated in Fig. 9. For a ray traversing the cylinder along an arbitrary direction, the 7 angle does
not change, and the distance from the boundary to a point P is denoted by s,. The projection of

this distance into the x — y-plane is given by s, sin 7. It follows from Fig. 8 that

spsinT = pcosw + /a2 — p?sin’w, (49)

and

psinw = asinw', (50)

where o denotes the outer radius of the cylinder. The angular flux solution is given in terms of

the incident flux, ¢, (7, w), as follows:

Y(p, 7, w) = exp [_siaﬁ (pcosw + \/mﬂ Py (7', W) (51)
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where o, is the absorption cross section, 7 = 7 and w’ = sin ! (psinw/a). For incoming

directions, the above expression is equal to the boundary flux at p = a. It also satisfies the

transport equation in one-dimensional geometry, which is given in terms of our coordinates by

. 1 . . oY
Sin T cosw—— — —sin7Tsinw— + 0,1 = 0.

dp p ow

In these variables, a delta-function boundary flux is given by
Uy(T,w) = 6(1 — 1)d(w — wy) .
Substituting from Eg. (53) into Eq. (51), we obtain
_ _ _ in ! (s _
Y(p, Ty,w) =exp[—A]o(r — 7)o [sm (a smw) wl} ,

where

A=

Oa .
- peosw + /a2 — p?sin*w | .
sin 7

The last delta-function in Eq. (54) has two zeros at
wo = sin ' (asinw;/p) ,

and

wo =7 —sin ! (asinw;/p) ,

(52)

(53)

(54)

(55)

(56)

(57)

respectively. Neither of these zeros is real unless p > a sin w;, which means that the solution is

zero for all p < asinw;. Following Eq. (24), we obtain

J [sin’1 (Bsinw — w1>] _ alcoswy] [0(w — wp) + 0w — wy)] -

a ~ p|cosw|

21
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The common factor appearing in Eq. (58) results because the absolute value of the cosine of both
zeros is the same. Substituting from Eqg. (53) into Eq. (54), we get the following expression for

the angular flux solution

Y(p, T w) =6(1 —71) M{(S(w — wp) exXp [—aa (pcoswo _ acos%)] n

p| cos wo| sin 7y

P COS Wy — O COSWy

sin 7

d(w — ws) exp {—aa ( ﬂ } Jforasinw; < p <a. (59)

As previously noted, the angular flux is zero for 0 < p < asinw;. Note that the square root
appearing in the exponential in Eq. (54) was taken to be negative when we obtained Eq. (59)
because the square root represents a positive quantity (the distance between the points B and Q
shown in Fig. 8) and cos w; is negative.

Every incoming direction that points toward the central axis of the cylinder (the z-axis) has a
value of 7 for the coordinate w, while the value of the coordinate 7 is arbitrary. These directions
are analogous to the direction ; = —1 in a one-dimensional sphere because particles in such
directions do not change their angular coordinates as they stream, and they pass through the
central axis of the cylinder. Restricting ourselves to such directions, we find that w; = 7, wy = 0,

we = m, and the angular flux solution is

U(p, T, w) =0(1 — 7'1)% {§(w) exp[—0o4(a+ p)/sinT |+

d(w—m)exp|—oa(a—p)/sinn]} ,for 0<p<a. (60)
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If 7, = /2, that is, if the incoming direction is normal to the outer surface of the cylinder, the

solution is
V(p,7,w) = 8(r — w/2>§ {8(w) exp[~0u(a+ p)] +

d(w —m)exp[—o4(a—p)]} ,for 0<p<a. (61)
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Figure 1: Incident fluxes.
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Figure 2: Spatial and directional coordinates.
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Figure 3: Geometry for “near” delta-function incident fluxes. Note that v = 7 — w.
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Figure 4: The locations of 6~ and 6.
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Figure 5: Planar distribution for incident angular fluxes.
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Figure 6: Variables for derivation of 1-D spherical solution, p < 0.
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Figure 7: Variables for derivation of 1-D spherical solution, p > 0.
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Figure 8: Variables for derivation of 1-D cylindrical solution.
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Figure 9: Direction variables for 1-D cylindrical geometry.
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